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Solution The only way to generate the equivalent of five random samples from
the hypothetical populations corresponding to the five insecticides is to use a method
called a randomized assignment. A fixed number of cotton plants are chosen for
treatment, and each is assigned a random number. Suppose that each sample is to have
an equal number of measurements. Using a randomization device, you can assign
the first n plants chosen to receive insecticide 1, the second n plants to receive insec-

- ticide 2, and so on, until all five treatments have been assigned.

Whether by random selection or random assignment, both of these examples re-
sult in a completely randomized design, or one-way classification, for which the anal-
ysis of variance is used.

THE ANALYSIS OF VARIANCE FOR A
COMPLETELY RANDOMIZED DESIGN

FIGURE 11.2

Normal populations with
a common variance but
different means

Suppose you want to compare k population means, ¢y, My, . . . , Mz, based on inde-
pendent random samples of size n,, n,, . . . , 1 from normal populations with a com-
mon variance o2, That is, éach of the normal populations has the same shape, but
their locations might be different, as shown in Figure 11.2.
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Partitioning the Total Variation

in an Experiment

Let x;; be the jth measurement (j = 1, 2, . . ., n;) in the ith sample. The analysis of
varlance procedure begins by considering the total variation in the experiment, which
is measured by a quantity called the total sum of squares (TSS):

2
Total SS = 3(x; — %)* = 3xj — (ZJ::[-)

This is the familiar numerator in the formula for the sample variance for the entire set
ofn=mn; + n, +---+ n, measurements. The second part of the calculational for-
mula is sometimes called the correction for the mean (CM). If we let G represent
the grand total of all n observations, then
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n - H

CM =

This Total SS is partitioned into two components. The first component, called the sum
of squares for treatments (SST), measures the variation among the &k sample means:
2

SST = 3n;(x; ~ %) = ET CM
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where 7; is the total of the observations for treatment i. The second component, called
the sum of squares for error (SSE), is used to measure the pooled variation within
the k samples:

SSE = (n, — DsT+ (na — 1)s3 + - -+ + (n, — Dsi;

This formula is a direct extension of the numerator in the formula for the pooled
estimate of o* from Chapter 10. We can show algebraically that, in the analysis of
variance,

Total SS = SST + SSE

Therefore, you need to calculate only two of the three sums of squares—Total 5§,
SST, and SSE—and the third can be found by subtraction.

Each of the sources of variation, when divided by its appropriate degrees of free-
dom, provides an estimate of the variation in the experiment. Since Total SS involves
n squared observations, its degrees of freedom are df = (n — ). Similarly, the sum
of squares for treatments involves k squared observations, and its degrees of freedom
are df = (k — 1). Finally, the sum of squares for error, a direct extension of the pooled
estimate in Chapter 10, has

df=n - D+ m-H+--+m—-—1)=n—k%k
Notice that the degrees of freedom for treatments and error are additive—that 1s,
df(total) = df(treatments} + df(error)

These two sources of variation and their respective degrees of freedom are com-
bined to form the mean squares as MS = SS/df. The total variation in the experi-
ment is then displayed in an analysis of variance (or ANOVA) table.

ANOVA TARBL e‘: FOR & INDEPENDENT RANDOM
SAMPILES: COMPLETELY RANDOMIZED DESIGN

Source df ) MS F
Treatments 4&—1  SST MST = §ST/tk — 1) MST/MSE
Error n—k SSE MSE = 3SE/ln — 4

Total n—1 Total 55 ‘

where

Total SS = Zxj; — CM
= (Sum of squares of all x-values) — CM

with
1 A
SST=EE~CM MST—E-T—
H; k—1
SSE = Total SS — §8T MSE = SSEk
n -
and
(G = Grand total of all » observations
T, = Total of all observations in sample i

n; = Number of observations in sample i
n=n +n +--+n
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In an experiment to determine the effect of nutrition on the attention spans of ele-
mentary school students, a group of 15 students were randomly assigned to each
of three meal plans: no breakfast, light breakfast, and full breakfast. Their attention
spans (in minutes) were recorded during a morning reading period and are shown in
Table 11.1. Construct the analysis of variance table for this experiment.

Attention Spans of Students After Three Meal Plans

FIGURE 11.3

MINITAB output for
Example 11.4

No Breakfast Light Breakfast _ Full Breakfast

8 14 10

7 16 12

g 12 16

13 17 15

10 T 12

T, =47 T, =10 Ty = 65 gl sig2=h

S J
Zak IR
Solution To use the calculational formulas, you need the k = 3 treatment totals
together with ny = n, = n3 = 5, n = 15, and Zx; = 182. Then
(182)*
15

CM = = 2208.2667

Total SS = (82 + 72 + - - + 12%) — CM = 2338 — 2208.2667 = 129.7333
with (n — 1) = (15 — 1) = 14 degrees. of freedom, :

2 2 2
ssT=4T"+ 72 T8 _ oM = 2266.8 — 22082667 = 58.5333

with (k — 1) = (3 — 1) = 2 degrees of freedom, and by subtraction,
SSE = Total SS — SST = 129.7333 — 58.5333 = 71.2

with (n — k) = (15 — 3) = 12 degrees of freedom. These three sources of variation,
their degrees of freedom, sums of squares, and mean squares are shown in the shaded
area of the ANOVA table generated by MIN/TAB and given in Figure 11.3. You will
find instructions for generating this output in the “My MIN/TAB” section at the end of
this chapter.

One-way ANOVA: Span versus Meal

Source . DF ' 8§ M% F .
Meal. ‘2 . 58.53 29.27 4.93 0.027
Error 12 - 71.20  5.93
Total. 14 129,73 -~

5 = 2.436 R-Sg = 45.12% R-Sg{adj) = 35.97%
Individual 95% CIs For Mean
Based on Pooled StDev

Level N Mean  StDev e D o ——————— Fmm———e e
i 5 9.400 2.302 (mm e S )
2 5 14.080 2.550 N —— Ko )
3 5 13.000 2.449 (cmmmmmmm ¥ )
——tmm o ——— Fmm - o
7.5 10.0 12.5 15.0

Pooled StDhev = 2.436
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In Section 11.6, we will present a procedure that you can use to compare all possible
pairs of treaiment means simultaneously. However, if you have a special interest in a
particular mean or pair of means, you can construct confidence intervals using the
small-sample procedures of Chapter 10, based on the Student’s 7 distribution. For a
single population mean, u;, the confidence interval is

_ s
X E tav'z( )
Vi

where x; is the sample mean for the ith treatment. Similarly, for a comparison of two
population means—say, u; and p—the confidence interval is

(}i - J_CJ) =+ L) Sz(_l— + i)
\j Ay Ry

Before you can use these confidence intervals, however, two questions remain:

» How do you calculate s or 5%, the best estimaie of the common variance o7
* How many degrees of freedom are used for the critical value of ¢?

To answer these questions, remember that in an analysis of variance, the mean square
for error, MSE, always provides an unbiased estimator of o and uses information
from the entire set of measurements. Hence, it is the best available estimator of a2,
regardless of what test or estimation procedure you are using. You should always use

s*=MSE  withdf=(n—k

to estimate o*! You can find the positive square root of this estimator, s = VMSE,
on the last line of Figure 11.3 labeled “Pooled StDev.”

COMPLETELY RANDOMIZED DESIGN:
(1 — &)100% CONFIDENCE INTERVALS
FOR A SINGLE TREATMENT MEAN
AND THE DIFFERENCE BETWEEN TWO
TREATMENT MEANS

Single treatment mean:

- by
X7 * Im’Z( )
Vi

Difference between two treatment means:

_ _ 1 1
(x; = X;) & tan /Sz(_” + ‘")
H; nj

with
s =Vs?=VMSE = SSEk
—
where 1=, + ny + - -+ + ny and t; is based on (n — k) df

The researcher in Example 11.4 believes that students who have no breakfast will have
significantly shorter attention spans but that there may be no difference between those
who eat a light or a full breakfast. Find a 95% confidence interval for the average at-
tention span for students who eat no breakfast, as well as a 95% confidence interval
for the difference in the average attention spans for light versus full breakfast eaters.
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FIGURE 11.7

Box plots far Example 11. E

Soerine For s7 = MSE = 5.9333 so that s = V5.9333 = 2436 with df =
(n — k) = 12, you can calculate the two confidence intervals:

¢ For no breakfast:

5
X Tt =
ol

2.436)

9.4 —
Vs

I+

2.179(

94 x 237

or between 7.03 and 11.77 minutes.
For light versus full breakfast:

- iq
(2 — X3} £ ten _—+*

(4-13)"‘2179\/5 (;+

1 =336

a difference of between —2.36 and 4.36 minutes.

| —

You can see that the second confidence interval does not indicate a difference in the
average attention spans for students who ate light versus full breakfasts, as the researcher
suspected. If the researcher, because of prior beliefs, wishes to test the other two possi-
ble pairs of means—none versus light breakfast, and none versus full breakfast—the
methods given in Section 11.6 should be used for testing all three pairs.

Some computer programs have graphics options that provide a powerful visual de-
scription of data and the k treatment means. One such option in the MIN/TAB program
is shown in Figure 11.7. The treatment means are indicated by the symbol @ and are
connected with straight lines. Notice that the “no breakfast” mean appears to be some-
what different from the other two means, as the researcher suspected, although there
is a bit of overlap in the box plots. In the next section, we present a formal procedure
for testing the significance of the differences between all pairs of treatment means.

Boxplot of Span by Meal

Span
t
1

Meal
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One option might be to order the sample means from the smallest to the largest and
then to conduct r-tests for adjacent means in the ordering. If two means differ by more
than

tajg SZ(i + ‘1—)
i fy

you conclude that the pair of population means differ. The problem with this proce-
dure is that the probability of making a Type I error—that is, concluding that two
means differ when, in fact, they are equal—is « for each test. If you compare a large
number of pairs of means, the probability of detecting at least one difference in means,
when in fact none exists, is quite large.

A simple way to avoid the high risk of declaring differences when they do not ex-
ist is to use the studentized range, the difference between the smallest and the largest
in a set of k sample means, as the yardstick for determining whether there is a dif-
ference in a pair of population means. This method, often called Tukey’s method for
paired comparisons, makes the probability of declaring that a difference exists be-
tween at least one pair in a set of & treatment means, when no difference exists, equal
to a.

Tukey’s method for making paired comparisons is based on the usual analysis of
variance assumptions. In addition, it assumes that the sample means are indepen-
dent and based on samples of equal size. The yardstick that determines whether a
difference exists between a pair of treatment means is the quantity w (Greek lower-
case omega), which is presented next.

YARDSTICK FOR MAKING PAIRED
COMPARISONS

o = quk df)(%x)

where

k = Number of treatments

s> = MSE = Estimator of the common variance o2 and s = Vs?

df = Number of degrees of freedom for s5°

n, = Common sample size—that is, the number of observations in each
of the k treatment means

gk df) = Tabulated value from Tables 11(a) and 11(b} in Appendix I, for

a = .05 and .01, respectively, and for various combinations of
k and df

Rule: Two population means are judged to differ if the corresponding sample

e L e R e e T T

e R L s

means differ by @ or more.

Tables 11(a) and 11(b) in Appendix I list the values of g,(%, df) for & = .05 and .01,
respectively. To illustrate the use of the tables, refer to the portion of Table 11(a)
reproduced in Table 11.2. Suppose you want to make pairwise comparisons of
k = 5 means with @ = .05 for an analysis of variance, where s° possesses 9 df
The tabulated value for k=35, df =9, and « = .05, shaded in Table 11.2, is
q_05(5, 9) = 4.76.
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EXAMPLE

FIGURE 11.8

Ranked maans for
Example 11.7

A Partial Reproduction of Table 11{a) in Appendix I;
Upper 5% Points ,

df 2 3 4 a ] 7. 8 9 10 n 12

1 1797 2688 3282 3708 40.41 4312 4540 4736 4907 5053 5196
72 608 8.33 9.80 1088 7 1244 1303 1354 1399 1439 1475
3 4580 5.91 6.82 750 8.04 8.48 8.85 9.18 9.46 972 9%
4 393 5.04 576 §.29 67 7.05 7.35 7.60 783 803 82
b 354 4.60 5.22 5.67 B.03 £.33 .58 6.80 5.99 YAV Y
B
7
8
9

J.46 4.34 4.90 530 5.63 5.90 6.12 6.32 6.49 663  B.79
334 416 4.68 5.06 5.36 5.6% 582 .00 6.16 530 643
3.26 404 4.53 4.89 517 5.40 5.60 577 592 605 618
3.20 3.95 4.4 476 5.02 h24 5.43 559 h.74 5.87 5.98
w370 368 433 4.65 4.91 512 5.30 5.46 5.60 572 583
1M 3N 382 4.26 4.57 4.82 5.03 520 535 5.49 h.61 5.7
12 308 3.77 420 4.51 475 495 5.12 527 539 5.51 5.61

Refer to Example 1.4, in which you compared the average attention spans for stu-
dents given three different “meal” treatments in the morming: no breaktast, a light
breakfast, or a full breakfast. The ANOVA F-test in Example 11.5 indicated a sig-
nificant difference in the population means. Use Tukey's method for paired compar-
isons to determine which of the three population meany differ from the others.

For this example, there are & = 3 treatment means, with s = VMSE =
2 4%6 Tukey's method can be used. with edLh of the three samples containing
n, = 5 measurements and (n — &) = 12 degrees of freedom. Consult Table 11 in
Appendix I to find g oslk, df) = ¢os(3. 12} = 3.77 and calculate the “yardstick™ as

2.436
w = q()‘-',( 17)( ) = 377( = ) =411
Vi, A%s]

The three treatment means are arranged in order from the smallest. 9.4, to the largest,
14,0, in Figure 11.8. The next step is to check the difference between every pair of
means, The only difference that exceeds @ = 4.11 iy the difference between no break-

fast and a light breakfast. These two treatments are thus declared significantly differ-
ent. You cannot declare a difference between the other two pairs of treatments. To
indicate this fact visually, Figure 11.8 shows a line under those pairs of means that
are not significantly ditferent.

None  Full  Light
9.4 130 140

The results here may seem confusing. However, it usually helps to think of rank-
ing the means and interpreting nonsignificant differences as our inability to distinctly
rank those means underlined by the same line. For this example, the light breakfast
definitely ranked higher than no breakfast, but the tull breakfast could not be ranked
higher than no breakfast, or lower than the light breakfast. The probability that we
make at least one error among the three comparisons is at most & = .05.
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H zero is not in the
interval, there is avidence
of a difference betwaen
the two methods.

FIGURE 11.9

MINITAB output for
Example 11.7

BASIC TECHNIQUES

11.19 Suppose you wish to use Tukey’s method of
paired comparisons to rank a set of population means,
In addition to the analysis of variance assumptions,
what other property must the treatment means satisfy?

11.20 Consult Tables 11(a) and 11(b) in Appendix I
and find the values of ¢,(k, df) for these cases:
a.a=.05k=5d =17

b. = .05k=3,df=10

0L, k=4,df =8

C. «
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Most computer programs provide an option to perform paired comparisons, in-
cluding Tukey’s method. The MIN/TAB output in Figure 11.9 shows its form of Tukey’s
test, which differs slightly from the method we have presented. The three intervals
that you see in the printout marked “Lower” and “Upper” represent the difference in
the two sample means plus or minus the yardstick . If the interval contains the value
0, the two means are judged to be not significantly different. You can sce that only
means 1 and 2 (none versus light) show a significant difference.

Tukey's 95% Simultaneous Confidence Intervals
All Pairwise Comparisons among Levels of Meal
Individual confidence level = 97.94%

Meal = 1 subtracted from:

Meal Lower Center Upper ----- B il B Fmmmm e b-—--
2 0.453 4.600 B8.707 [ . )
3 -0.507 3.600 7.707 [ [, )
e dommmmmme Fmmmmmmmoo e
-3.5 0.0 3.5 7.0

Meal = 2 subtracted from:

Meal Lower Center Upper ----- R o Femm e m -
3 -5.107 -1.000 3.107  {-------an-- L et }
——-—- s Fommm e dmmmmm e L
-3.5 0.0 3.5 7.0

As you study two more experimental designs in the next sections of this chapter,
remember that, once you have found a factor to be significant, you should use Tukey’s
method or another method of paired comparisons to find out exactly where the dif-
ferences lie!

samples of four observations per treatment. The pooled
estimator of o® is 9.12, and the sample means follow:

xn = 1016 X = 984 x3 = 1123
Xy =929 x5 = 104.2 Xg = 113.8
a. Give the value of w that you would use to make

pairwise comparisons of the treatment means for
o = .05,

b. Rank the treatment means using pairwise
comparisons.

APPLICATIONS

d.a=.01,k=74df=5

11.271 If the sample size for each treatment is », and
if 5% is based on 12 df, find w in these cases:

aa=.05k=4n=35
b. a=01,k=6,n=28

11.22 An independent random sampling design was
used to compare the means of six treatments based on

11.23 Swamp Sites, again Refer to Exercise 11.13
and data set EX1113. Rank the mean leaf growth for
the four locations. Use @ = ,01.

11.24 Calcium Refer to Exercise 11.15 and data set
EX1115. The paired comparisons option in MIN/TAB
generated the output provided here. What do these
results tell you about the differences in the population



