— e s,

—_—

4
'26
i02
69
H6
100

1est degree
itercorrela-
moderately

iis stage of
present the
terms.

12.3 All-Possible-Regressions Procedure for Variables Reduction 443

12.3 ALL-POSSIBLE-REGRESSIONS PROCEDURE
FOR VARIABLES REDUCTION

%
:
|

The all-possible-regressions selection procedure calls for a consideration of all possi-
ble regression models involving the potential X variables and identifying a few
“good” subsets according to some criterion. When this selection procedure is used
with the surgical unit example, for instance, 16 different regression models are to be
considered, as shown in Table 12.3. First, there is the regression model with no X
variables, i.e., the model Y, = By + &. Then there are the regression models with
one X variable (X,, X,, X;, X4), with two X variables (X: and X5, X, and X3, X, and
X4, X; and X3, X, and X,, X; and X4), and so on.

The purpose of the all-possible-regressions approach is to identify a small group
of regression models that are “good” according to a specified criterion so that a de-
tailed examination can be made of these models, leading to the selection of the final
regression model to be employed. In most circumstances, it would be impossible for
an analyst to make a detailed examination of all possible regression models. For in-
stance, when there are 10 potential independent variables in the pool, there would
be 2'° = 1,024 possible regression models. (This calculation is based on the fact that
each potential independent variable either can be included or excluded.) With the
availability of high-speed computers today, running all possible regression models
for 10 potential X variables is not too time consuming. Still, the sheer volume of
1,024 candidate models to examine would be an overwhelming task for a data ana-
lyst.

Hence, unless the pool of potential X variables is very small, the investigator can
concentrate only on a few of all of the possible regression models. This limited num-
ber might €onsist of 5 or 10 “good” subsets according to the criterion specified, so
that the investigator can then carefully study these regression models for choosing
the final model to be employed.

Different criteria for comparing the regression models may be used with the all-
possible-regressions selection procedure. We shall discuss four—R}, MSE,, C,, and
PRESS,. Before doing so, we need to develop some notation. Let us defote the num-
ber of potential X variables in the pool by P — 1. We assume throughout this chap-
ter that all regression models contain an_intercept term fo. Hence, the regression
function containing all potential X variables contains P parameters, and the function
with no X variables contains one parameter (Bo).

“The number of X variables in a subset will be denoted by p — 1, as always, so that
there are p parameters in the regression function for this subset of X variables. Thus,
we have:

(12.1) l=p=P

The all-possible-regressions approach assumes that the number of observations n
exceeds the maximum number of potential parameters:

(12.2) n=pP

and, indeed, it is highly desirable that n be substantially larger than P, as we noted
earlier, so that sound results can be obtained.
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R? Criterion

—

The R} criterion calls for an examination of the coefficient of multiple determination
R?, defined in (7.35), in order to select several “good” subsets of X variables. We
show the number of parameters in the regression model as a subscript of R2. Thus R}
indicates that there are p parameters, or p — 1 predictor variables, in the regression
function on which R} is based.

Since R} is a ratio of sums of squares:

SSR SSE,
12. 2w R /2
kL) 5 SSTO ! SSTO

and the denominator is constant for all possible regressions, R? varies inversely with
the error sums of squares SSE,. But we know that SSE, can never increase as addi-
tional X variables are included in the model. Thus, R2 will be a maximum when all
P — 1 potential X variables are included in the regression model. The reason for us-
ing the R} criterion with the all-possible-regressions approach therefore cannot be to
maximize Rj. Rather, the intent is to find the point where adding more X variables
is not worthwhile because it leads to a very small increase in R2. Often, this point is
reached when only a limited number of X variables is included in the regression
model. Clearly, the determination of where diminishing returns set in is a judgmen-
tal one.

Example. Table 12.3 shows, for the surgical unit example, in columns 1, 2, and 3,

TABLEA2.3 R2, MSE,, C,, and PRESS, Values for all Possible Regression Models—
Surgical Unit Example

X (1 ) (% 4 -E# >(%)< :(%)‘
G

Variables

in Model p df SSE, R} MSE, é PRESS,
None 1 53 3.9728 0 0750 1,721.6 4.1241
X, 2 52 3.4961 .120 0672 1,510.8 3.8084
X, 2 52 2.5763 .352 .0495 1,100.1 2.8627
X5 2 52 2.2153 442 0426 939.0 2.4268
X, 2 52 1.8776 527 .0361 788.2 2.0292
X, X, 3 51 2.2325 438 .0438 948.7 2.6388
X1, X5 3 51 1.4072 .646 .0276 580.2 1.6095
X1, X4 3 51 1.8758 528 .0368 789.4 2.1203
X, X5 3 51 .7430 .813 .0146 283.7 .8352
X2, X4 3 51 1.3922 .650 .0273 5785 1.5833
X5, X, 3 51 1.2453 .687 .0244 507.9 1.4287
X, X2, X5 4 50 .1099 972 .00220 3.1 .1405
X, X5, Xu 4 50 1.3905 .650 .0278 574.8 1.6513
X1, X5, X4 4 50 1.1156 719 .0223 452.0 1.3286
X, X3, X4 4 50 4652 .883 .00930 161.7 5487
X, X2, X3, Xy 5

49 .1098 .972 00224 5.0 .1456
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respectively, the number of parameters in the regression function, the degrees of
freedom associated with the error sum of squares, and the error sum of squares for
each possible regression model. In column 4 are given the R} values. The results
were obtained from a series of computer runs. For instance, when X, is the only X
variable in the regression model, we obtain:

_SSE(X) _ . _ 18776
SSTO 3.9728

Note that SSTO = SSE, = 3.9728.

The R} values are plotted in Figure 12.4. The maximum R} value for the possible
subsets of p — 1 predictor variables, denoted by max(R}), appears at the top of the
graph for each p. These points are connected by dashed lines to show the impact of
adding additional X variables. Figure 12.4 makes it clear that little increase in
max(R}) takes place after three X variables are included in the model. Hence, the

Ri=1 = .527

FIGURE 12.4 R} Plot for Surgical Unit Example
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use of the subset (X, X,, X3) in the regression model appears to be reasonable ac-
cording to the R} criterion.

Note that variable X,, which singly correlates most highly with the dependent vari-
able, is not in the max(R2) models for p = 3 and p = 4, indicating that X, X;, and
X contain much of the information presented by X.. If it were desired that X, be re-
tained in the model and that the subset model be limited to three X variables, the
subset (X,, X3, X,) should then be considered as next best according to the R} crite-
rion for p = 4. The coefficient of multiple determination associated with this subset,
R} = .883, would be somewhat smaller than R3 = .972 for the subset X1, Xz, Xa).

,)?( MSE, or RZ Criterion

\

Since R} does not take account of the number of parameters in the regression model,
and since max(R}) can never decrease as p increases, the use of the adjusted
coefficient of multiple determination R? in (7.37):

(12.4) R§=]_(n_ 1)_‘?_‘5:‘?_= _ﬂ
n — p) SSTO SSTO
n—1

has been suggested as a criterion which takes the number of parameters in the model
into account through the degrees of freedom. It can be seen from (12.4) that R in-
creases if and only if MSE decreases since SSTO/(n — 1) is fixed for the given ¥ ob-
servations. Hence, R? and MSE are equival itgria. We shall consider here the
criterion MSE,,. MiniMEEpi can, inaeela_, increase as p increases when the reduction
in SSE, becomes so small that it is not sufficient to offset the loss of an additional
degree of freedom. Users of the MSE, criterion seek to find a few subsets for which
MSE, is at the minimum or so close to the minimum that adding more variables is
not worthwhile.

Example. The MSE, values for all possible regression models for the surgical unit
example are shown in Table 12.3, column 5. For instance, if the regression model
contains only X, we have:

_ SSE(X,) _ 1.8776
MSE, = el T &Y

Figure 12.5 contains the MSE, plot for the surgical unit example. We have con-
nected the min(MSE,) values for each p by dashed lines. The story which Figure
12.5 tells is very similar to that told by Figure 12.4. The subset (X;, X», X3) appears
to be reasonable. Indeed, the mean square error achieved with this subset is practi-
cally the same as that with (X, X>, X3, X4), which uses all potential X variables.

If X, were to be included in the model with p = 4, the subset (X2, X3, X4) should
be considered, involving MSE; = .009 which is somewhat higher than MSE, = .002
for subset (X;, X2, X3).

= .0361
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C, Criterion

This criterion is concerned with the total mean squared error of the n fitted values
for each subset regression model. The mean squared error concept involves a bias

1ave con- ' component and a random error component. The mean squared error for an estimated
ch Figure E regression coefficient was defined in (11.40). Here, the mean squared error pertains
;) appears to the fitted values ¥; for the regression model employed. The bias component for the
is practi- ‘ ith fitted value 1}, is:

() shouid 2.9 B} - n

7y = .002 where E{f} is the expectation of the ith fitted value for the given regression model

and p; is the true mean response. The random error component for ¥ is simply

























